A function f 2 L 1 (R) tiles the line with a constant weight w using the discrete tile set A if P a2A f(x ? a) = w almost everywhere. A set A is of bounded density if there is a constant C such that #fa 2 A : n a n + 1g C for all integers n. This paper characterizes compactly supported f 2 L 1 (R) that admit a tiling of R of bounded density. It shows that for such functions all tile sets of bounded density A are nite unions of complete arithmetic progressions. The results apply to some noncompactly supported f 2 L 1 (R). The proofs depend on Cohen's theorem characterizing idempotent measures on locally compact abelian groups. We use a result of Meyer which, using Cohen's theorem, characterizes the collections of point masses on the real line whose Fourier transform is a locally nite measure with total variation that grows at most linearly.
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Introduction
Traditional problems of tiling concern whether or not a subset S of R n can be tiled using a given set of allowed tile shapes (\prototiles"). Such problems may be formulated as that of representing the characteristic function S as a sum of characteristic functions of sets isometric to prototiles using the allowed group of tile motions. A natural generalization is to relax this condition to allow tilings of S using more general functions. The supports of the copies of the functions used in such a tiling may now overlap (\soft tiles"). Soft tilings are a special case of \soft packings", which have been studied to obtain bounds in sphere packing and coding theory 9] . Tilings by translates of functions arise naturally in wavelet theory: the scaling function for a compactly supported wavelet basis of R n given by a multiresolution analysis must always have a lattice tiling of R n in this generalized sense, see Strichartz 13 ], 1.17. Such tilings also arise in subdivision schemes in curve and surface design and in approximation, see 2, p. 14]. In addition, multiple tilings using copies of a set T are a special case of tilings by functions, in which the functions used are scaled characteristic functions M ?1 T , where M is the multiplicity.
This paper studies tilings of the line R by translates of a single function f 2 L 1 (R). A tile set A gives a general tiling of (constant) weight w provided that X a2A f(x + a) = w ; (1.1) for almost every (Lebesgue) x 2 R, where the convergence in (1.1) is absolute. The tile set A is required to be discrete, i.e. for each T > 0 the set fa 2 A : jaj < Tg is nite, and we allow elements of A to occur with nite multiplicity. Our object is to determine which functions tile R and to specify the structure of possible tilings.
General tilings by a function f permit the pathology that mass can \leak out to in nity," cf. example 7.1 in x7. To exclude this pathology we restrict the class of allowed tilings. A tile set A is of bounded density if there is a constant C > 0 such that for all T 2 R, #fa 2 A : T a < T + 1g C :
The associated tiling (1.1) is called a tiling of bounded density. For nonnegative functions a general tiling is necessarily of bounded density, see Lemma 2.1.
This paper studies bounded density tilings and characterizes their possible structure for compactly supported functions. Lagarias and Wang 6] previously considered the special case of tilings of weight 1 by the characteristic function T of a compact set T. They showed that all such tile sets are periodic, i.e. of the form Z+ f 1 ; : : :; J g, and that the di erences i ? j of cosets are rational multiples of the period . Here we show that for arbitrary functions a wider variety of tile sets occur.
Two tilings with weights w 1 and w 2 , and tile sets A 1 and A 2 , respectively, yield a combined tiling using the tile set A 1 A 2 , with weight w 1 + w 2 . (We adopt the convention that the union of tile sets counts points with multiplicity.) Thus the set of all weights occurring from tilings of bounded density using a given function f form a semigroup W(f), which we call the weight semigroup of f.
If a tile set A can be partitioned into two nonempty sets A 1 A 2 such that each is separately a tile set for f, we say that the tile set A is decomposable; otherwise it is indecomposable.
To illustrate these notions, consider the trapezoidal function f pictured in Figure 1 Our main result gives a complete classi cation of the structure of the tiling sets possible for compactly supported functions. ( j Z+ j ) ; (1.2) with all j > 0.
(ii) Every tile set of bounded density for f partitions into a nite union of indecomposable tile sets. Furthermore, each indecomposable tile set of bounded density A is periodic, i.e. there exists > 0 such that A = J j=1 ( Z+ j ) :
The expressions for tile sets A above allow i = j , to include tile sets with multiplicities.
Note that (ii) implies (i), but our proof establishes (i) before (ii).
We complement Theorem 1.1 with a criterion for a function f to tile R with some tiling of bounded density. requiring an in nite number of generators, and a function which has an indecomposable tiling with rational period but with two cosets having an irrational di erence.
Notation. The symbol f(x) g(x) means that there exists a positive constant C such that f(x) Cg(x) for the indicated range of x.
The characteristic function S (x) of a set S is 1 if x 2 S and is 0 otherwise. We denote by jfj E the supremum of the function jfj on the set E. We de ne the counting function of a set A R by:
Tilings of Bounded Density
The assumption of bounded density allows information about tilings to be extracted using arguments that estimate areas covered by the \tiles" f. To bound the E i (T), set R 1 ?1 jf(x)jdx = M and, given > 0, pick R so large that R jxj>R jf(x)jdx < . Then, assuming T > R > 1 and using (2.1), we obtain jE 1 
To bound E 3 (T), we use the bounded density of A, to obtain jE 3 A measure is a (complex-valued) regular Borel measure on R, which may have in nite mass. A Radon measure is a measure on R which is locally nite, i.e., it is nite on compact subsets of R. The measure consisting of a point mass at a 2 R is denoted a . We where e (x) = (?x). For each 2 S and 2 S 0 we de ne 2 S 0 by hg; i = h g; i, for all g 2 S. We de ne the convolution g ? of any g 2 S with any 2 S 0 by de ning its Fourier transform: g ? = b g b . The support of 2 S 0 , denoted supp , is de ned as the smallest closed set X R for which 2 C 1 c (RnX) implies h ; i = 0.
We identify locally integrable functions and Radon measures with distributions, as in 12, 6.11]. The distribution associated with the point measure a is sometimes called the Dirac delta function centered at a. The Radon measure A is a distribution, but it need not be a tempered distribution. A su cient condition for A to be a tempered distribution is the growth condition #fa 2 A : jaj Rg R c ; as R ! 1 ; In this case c A is a Radon measure; in general c A need not be a measure.
Harmonic analysis comes into the study of translational tilings via the following theorem. (t)dt = w :
The interchange of summation and integration is justi ed using Fubini's theorem. For this we need that P a2A R 1 ?1 j (t)j jf(x ? t ? a)j dt < 1, which is true because the set A is of bounded density and j (t)j decreases faster than any power of t. Now is an idempotent measure on G, so by Cohen's Idempotent Theorem we have that (b ) ?1 (s j ) is in the ring of cosets of ?. 2 Take for example the case of G = T= R=(2 Z ) and, consequently, ? = Z . As we saw, the ring of cosets of Zconsists of all eventually periodic sets and it is precisely those sets that support the Fourier transform of an idempotent measure on T. Of course, the converse of the theorem is also true and is easy to prove: for every A in the coset ring of ?, the characteristic function A ( ) is the Fourier transform of a nite Radon measure on G. Proof. Let (as distributions) hence the b n are all measures. We claim that the measures c n are uniformly bounded measures, i.e. jc n j(R) 1. Indeed jc n j( ?n; n]) 1 n jj b jj 1 jb j( ?n; n]) 1 ; by our assumption on the growth of jb j( ?n; n]). jc n j( n; 1)) n X 2 k+1 n 1 2 k 1 ; and with the similar inequality for jc n j((?1; ?n]) the proof of the claim is complete.
Notice also that lim n!1 n (x) = c x if x 2 A and is 0 otherwise. This is a consequence of the fact that A is discrete and the support of (nx) shrinks to 0.
We use the following properties of R, the Bohr compacti cation of R (see for example 11, p. 30]).
1. R is the dual group of R d , the real line with the discrete topology. Therefore R is a compact group.
2. R R as topological spaces and R is dense in R. Identifying the continuous functions on R with bounded continuous functions on R we get that
is a Banach space inclusion.
Since the measures c n are uniformly bounded they act on all bounded continuous functions of R, and consequently also on all continuous functions on R, that is they constitute a uniformly bounded family of linear functionals on C(R). By the Banach-Alaoglu theorem there exists a measure on R such that for every f 2 C(R) there is a subsequence of c n , call it again c n , such that hf; c n i ! hf; i; as n ! 1: which by hypothesis is a discrete set satisfying (5.1).
Step 1. The tempered distribution c A is a Radon measure. Now enumerate the points of A = fa n : n 1g in increasing order of absolute value. 0 ja 1 j ja 2 j :
The bounded density of A implies that ja n j n. Thus, as n ! 1, jb g(?a n )j = 1 b (?a n = ) 1 ?a n ?3=2 where S 1 and S 2 represent the sum taken over 0 ja n j and ja n j > respectively. Keeping in mind that the bounded density of A implies ja n j n, we bound S 1 using the estimate b (?a n = ) b #fn : ja n j g 1 = 1:
We estimate S 2 using b (?a n = ) j?a n = j ?2 2 =n Step 4. There is a partition A = S K k=1 A k in which each A k is a periodic tile set for f. (ii) To show that A is a nite union of indecomposable tilings, we treat two cases, according to whether L = R 1 1 f(x)dx is zero or not. Suppose rst that L 6 = 0. By taking ?f(x) if necessary, we may suppose that L > 0. Lemma 2.4 says that the weight of any tiling of bounded density has weight at least L=(2R). We now prove that any tiling of weight w partitions into at most b2Rw=Lc indecomposable tilings, by induction on n 1, for tilings with weights w satisfying nL=(2R) w < (n+1)L=(2R). For the base case n = 1 the tiling A must be indecomposable, else it partitions into tilings A 1 A 2 , at least one of which has weight less than L=(2R), a contradiction. The induction step is clear, using bxc + byc bx + yc. does not vanish. The Skolem-Mahler-Lech theorem 7, 15] says that the set of integers at which any such exponential polynomial vanishes consists of a nite number of complete arithmetic progressions plus a nite set, which we call the exceptional set. Since h(0) = J 6 = 0, none of these arithmetic progressions passes through 0. Let`0 be the least common multiple of the periods of these complete arithmetic progressions, and let k be the maximal element of the exceptional set if it is nonempty, and let k = 1 otherwise. We set`=`0k, and conclude that h(`n) 6 = 0 for all n 2 Z . Thus 2 ` Z supp c A : which shows that b f( ) contains each (2 = i )Znf0g in its zero set, for 1 i n. However Theorem 1.2 implies that for 1 i n, f tiles R using A i as a tile set, and the weight is positive since f has positive integral. 2
We conclude this section with an application of Theorem 1.1 to the characteristic function S of a set S, to obtain a strengthening of a result of 6].
Theorem 6.1. Assume that S is a bounded measurable set and that its characteristic function S tiles R with some weight w. Then w is a positive integer and the tile set is periodic.
Proof. Since S is nonnegative, all tilings are of bounded density, and since S is a characteristic function, the weight w of any tiling is a positive integer. The function f 1 (x) tiles R with weight 0 using the tile set Zof bounded density. However it also tiles R with weight ?1 using a general tile set A 1 that consists of taking all points n 2 Zwith multiplicities m 1 (n) = n 2 . This tile set has polynomial growth which is a tempered distribution that is not a measure. (Here (2) a is the second derivative of the point mass a .)
The function f 2 (x) tiles R with weight 1 using the tile set Zof bounded density. It also tiles R with weight ?1, using a general tile set A 2 that consists of taking all points n 2 Z with multiplicities m 2 (n) given by the recursion m 2 The solution to this recursion grows exponentially, with m 2 (n) c(2 + p 3) n as n ! 1.
The locally nite measure A 2 = P n2Z m 2 (n) n is a distribution which is not a tempered distribution. The conclusion of Lemma 2.3 (ii) fails to hold for the general tile set A 2 .
Example 7.2. A function f having a weight semigroup W(f) that is not nitely generated. Now choose the numbers k so that the set fw k : k = 1; 2; : : :g is linearly independent over Q. This implies that the semigroup W(f) requires in nitely many generators. Example 7.3. A function having an indecomposable tile set Z+ f 1 ; : : :; J g with integral period and two cosets k and l such that k ? l is irrational.
Let f(x) = 1 + cos 2 x for x 2 0; 1] and let f(x) = 0 otherwise. We consider tilings of f with tile sets of the form A = Z+ f0; t 1 ; t 2 g; t 1 ; t 2 2 0; 1):
For f to tile R with A it is necessary and su cient that the function 1 + cos 2 x de ned on the circle R=Ztiles R=Zwith tile set f0; t 1 ; t 2 g. Doing harmonic analysis on R=Zinstead of R, the analogue of Theorem 3.1(i) is that a necessary and su cient condition for A to tile is that the measure on R=Zgiving unit mass to the ve points 0, t 1 and it is clear that, for example, whenever t 1 2 (1=2; 3=4) there is a t 2 such that b ( 1) = 0.
Thus there is a large supply of tilings of f of the form (7.2). Our purpose is to prove the existence of an indecomposable tiling of f with a tile set of the form Z+ f 1 ; : : :; J g ; (7.3) with the ratio ( k ? l )= being irrational for some k; l, something which, according to the result of 6], could not happen if f were the characteristic function of a compact set. Any tiling of f with tile set A as in (7.2) can be written as a nite sum of indecomposable tilings. Each of those is periodic of the form (7.3). Because it is contained in in the tile set (7.2), the period is necessarily rational, and we can always take to be an integer by enlarging the number of cosets. The set B = f 1 ; : : :; J g is then constrained to be a subset of f0; : : :; g + f0; t 1 ; t 2 g. Consequently there are countably many choices for the set B.
It is clear that f does not tile with any tile set Z . Therefore any indecomposable component of the tile set A of (7.3) cannot involve only integers. Thus there is an indecomposable tiling of f with tile set B which contains an integer m and a number of the form n + t j , where n 2 Zand j = 1 or 2, say j = 1: B = fm; n + t 1 ; : : :g: (7.4) Fix one of the countably many choices for B and let t 1 vary in the interval (1=2; 3=4) with t 2 de ned accordingly from the requirement that b ( 1) = 0. For all but countably many values of t 1 the set B contains two cosets, namely m and n + t 1 , whose di erence is irrational. Letting B vary we see that the total exceptional set of t 1 's is countable. But t 1 is allowed to vary over a whole interval, thus there is a t 1 for which the tiling (7.2) contains an indecomposable component of integral period and two cosets with irrational di erence. The function is the same as in Example 7.3, i.e. f(x) = 1 + cos 2 x for 0 x 1 and 0 otherwise. Notice that at least one set B of the type (7.4) occurs uncountably many times (as t 1 varies) as the set of cosets of an indecomposable tiling of the form (7.3) for a xed integer . All these indecomposable tilings have the same weight since that is determined only by and J of (7.3). There are uncountably many translation-inequivalent tilings among them since the di erences of the elements of B take a nite number of values (mod 1) one of which is t 1 .
Example 7.5. A characteristic function that tiles R but only with multiple tilings.
The function f = T for T = 0; 2] 3; 4] does not give a tiling of R of weight 1. However it has a tiling of R of weight 3 with the tile set Z .
